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ARTICLE INFO ABSTRACT
Keywords: Digital Twin (DT) technologies are transforming manufacturing by enabling real-time prediction, monitoring,
Digital twin and control of complex processes. Yet, applying DT to deformation-based metal forming remains challenging
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English wheel

Model updating

because of the strongly coupled spatial-temporal behavior and the nonlinear relationship between toolpath
and material response. For instance, sheet-metal forming by the English wheel, a highly flexible but artisan-
dependent process, still lacks digital counterparts that can autonomously plan and adapt forming strategies.
This study presents an adaptive DT framework that integrates Proper Orthogonal Decomposition (POD) for
physics-aware dimensionality reduction with a Koopman operator for representing nonlinear system in a linear
lifted space for the real-time decision-making via model predictive control (MPC). To accommodate evolving
process conditions or material states, an online Recursive Least Squares (RLS) algorithm is introduced to update
the operator coefficients in real time, enabling continuous adaptation of the DT model as new deformation data
become available. The proposed framework is experimentally demonstrated on a robotic English Wheel sheet
metal forming system, where deformation fields are measured and modeled under varying toolpaths. Results
show that the adaptive DT is capable of controlling the forming process to achieve the given target shape
by effectively capturing non-stationary process behaviors. Beyond this case study, the proposed framework
establishes a generalizable approach for interpretable, adaptive, and computationally-efficient DT of nonlinear
manufacturing systems, bridging reduced-order physics representations with data-driven adaptability to support
autonomous process control and optimization.

1. Introduction model representations that embed physical principles while enabling

data-driven learning and control.

Sheet metal forming remains ubiquitous worldwide, with an esti-
mated market value exceeding $480 billion USD and expected robust
growth in the coming decade [11]. Among forming techniques, tra-
ditional forming methods such hammering, shrinking/stretching and
spinning (among others) have gained recent attention [12] due to their
high flexibility [13], with recent advances in automated spinning and
forging [14]. Of the traditional forming tools, the English wheel, an
asymmetric rolling process that locally stretches and deforms sheet
metal, plays a unique role in producing smooth, multi-curvature panels
lucrative to the aerospace, automotive, architecture and restoration
industries. Traditionally, English wheel forming relies on skilled arti-
sans to manually and iteratively adjust the applied compressive force
and driving path/toolpath based on visual and tactile feedback. As the
need for flexible manufacturing for custom high-quality parts increases

The concept of the Digital Twin (DT) has opened new opportunities
for real-time monitoring, prediction, and decision-making [1] across in-
dustries such as aerospace [2], energy [3], and manufacturing [4,5]. By
providing a virtual replica of a physical system, a DT enables in silico
simulation of “what-if” scenarios and the optimization of control strate-
gies through techniques such as model predictive control (MPC) [6,7]
or reinforcement learning (RL) [8]. In manufacturing, particularly in
metal forming processes characterized by complex, spatio-temporal,
and multi-physics behaviors, machine learning (ML) approaches has
been widely adopted to surrogate the high-fidelity simulations as it is
nearly impossible to run in real-time [9,10]. However, directly applying
ML to these systems remains challenging: data are expensive to obtain,
system responses are spatially and temporally coupled, and purely data-
driven models often lack physical interpretability and generalizability
beyond the training domain. These challenges highlight the need for
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Fig. 1. (a) The proposed framework for the dynamic process DT. (b) System setup for the robotic English wheel.

and skilled manual manufacturing labor declines globally, it becomes
increasingly urgent to digitalize the process.

In our previous work [15], we developed a novel robotic English
wheel system for sheet metal forming that integrates load sensing,
robotic actuation using a Universal Robot (UR), and real-time geometry
tracking via a Vicon optical metrology system [16], as illustrated in Fig.
1(b). While this system enables real-time feedback of the evolving sheet
deformation, a critical challenge on real-time toolpath design remains
unresolved. Specifically, it is still unclear how to systematically generate
toolpaths that achieve a desired target geometry when both the control input
(toolpath) and the system state (sheet deformation) are high-dimensional,
strongly spatially coupled fields with nonlinear dynamics. This challenge
lies at the core of enabling autonomous, feedback-driven forming, as
it requires a model that can accurately capture the spatio-temporal
deformation behavior while remaining computationally tractable for
real-time decision-making.

Prior studies have explored various toolpath design and control
strategies for sheet metal forming to achieve desired product geome-
tries under different target shapes, operational conditions, and variable
material properties. Classical multi-input multi-output (MIMO) feed-
back control methods, such as multivariable Proportional-Integral-
Derivative (PID) or Linear-Quadratic Regulator (LQR), have shown
broad success in engineering systems [17]. However, these approaches
rely on state-space models with vector inputs and outputs, while for
English wheel, both the state and control are spatially correlated ge-
ometric fields with nonlinear, history-dependent evolution, making it
difficult for the implementation of traditional MIMO feedback design.
Reinforcement learning (RL) has also gained attention for handling
high-dimensional states [18], while its data-intensive nature makes
it impractical for most forming scenarios where data acquisition is
costly. Model-based approaches, such as finite element analysis (FEA),
while accurate, are computationally prohibitive for online optimiza-
tion and iterative design evaluation [19]. Data-driven methods, mostly
represent the incremental model [20], offer real-time feasibility for
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optimization-based control but often fail to capture the nonlinear de-
formation dynamics for global modeling [21,22]. These limitations
motivate the development of a nonlinear surrogate model that can be
seamlessly integrated with efficient control solvers to realize the DT of
the process.

In the past decades, the Koopman operator emerges as a powerful
framework for representing nonlinear dynamical systems through an
infinite-dimensional but linear operator acting on observable func-
tions [23,24]. When approximated in finite dimensions using data-
driven approaches, such as extended dynamic mode decomposition
(eDMD), or Deep Neural Networks (DNN), the Koopman operator en-
ables the application of well-established linear control techniques to
nonlinear systems. This concept has demonstrated remarkable success
in robotics and autonomous systems, including drone trajectory con-
trol [25] and soft robot manipulation [26]. Recent advances have
extended Koopman-based modeling to manufacturing, for example in
wire-arc additive manufacturing (WAAM), where PointNet-based ob-
servables are used to represent the evolution of deposited geome-
try [27], and have demonstrated computationally efficient model up-
dating through recursive least square (RLS) [28]. However, applying
Koopman operators to sheet metal forming remains unexplored, partic-
ularly where both system states and control inputs are spatially corre-
lated vector fields. Inspired by studies that combine Proper Orthogonal
Decomposition (POD) for spatial feature extraction with Koopman
representations for temporal evolution [29,30], we explore a spatial—
temporal learning approach to enable a physics-aware DT for forming
processes.

In this work, we propose a DT framework using adaptive POD-based
deep Koopman operator with control for the DT of robotic English
wheel sheet forming, as illustrated in Fig. 1. First, POD and Chebyshev
polynomial decomposition are applied to reduce the dimensionality of
deformation and toolpath fields, respectively, while preserving their
dominant spatial structures. A deep Koopman operator with residual-
connected encoder—decoder architecture is then trained to learn the
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Fig. 2. (a) Vicon tracker locations on the blank sheet, the red circle indicates the contact point with the wheel at the beginning and the end for each cycle. (b)
An example of the final workpiece. (c) Illustration of a cycle of the forming process when one toolpath is applied from the side view. The red dotted curve is

the toolpath represented by the trajectory for the end effector to track.

evolution of the reduced-order system. The learned linearized model
is subsequently integrated with linear constrained MPC to generate
optimal toolpaths that achieve a given target geometry in real time.
To further mitigate the effects of data sparsity and evolving material
behavior, an online model updating mechanism based on Recursive
Least Squares (RLS) is developed to adaptively refine the control matrix
during operation. The complete framework is validated experimentally
using a fully automated robotic English wheel system, demonstrating
the effectiveness and feasibility of the proposed DT-based approach.
The key contributions of this work are summarized as follows:

» A DT integrating POD and deep Koopman operator for forming pro-
cesses, effectively capturing spatial-temporal dynamics in a reduced-
order representation.

A real-time, cycle-to-cycle decision-making framework combining
Koopman-based linear modeling with constrained MPC for optimal
toolpath design.

An online model adaptation mechanism using RLS to maintain model
accuracy against material variability and model uncertainty.
Experimental validation of the proposed framework in a fully au-
tonomous, closed-loop robotic English wheel system, demonstrating
the feasibility of DT-enabled forming.

2. System overview and experimental procedure

The integrated robotic English wheel system is illustrated in
Fig. 1(b). The selected target geometry for this study is a curved thin
strip, in which a prescribed midline profile is desired. A representative
formed strip is shown in Fig. 2(b). All experiments were conducted
using 316L stainless steel blanks measuring 30.48 mm X 7.62 mm
%X 0.06 mm in thickness.

During the manufacturing process, the UR robot actuates the sheet
in the y-z plane through a compliant gripper that applies force at two
contact points near the sheet edges. The toolpath is thus defined by
prescribing the y- and z-displacements of the robot end-effector, as
illustrated in Fig. 2(c). One cycle is defined as a complete forward
and return motion of the gripper along this toolpath, returning both
the robot and sheet to their reference positions. After each cycle, a
snapshot of the system state is captured by the Vicon tracking system
to record the resulting sheet deformation. Although the Vicon system is
capable of tracking continuous deformation during forming, snapshots
are recorded only before and after each cycle for two primary reasons.
First, the deformation evolution during gripper motion is strongly non-
linear and exhibit very different dynamics due to continuous varying
tool-sheet contact, making intermediate data difficult to model accu-
rately. Second, when both sheet ends are fixed, the springback effect is
suppressed, reducing representativeness of the measured deformation.
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Recording deformation after the gripper returns and one end at free
standing captures the full elastic recovery, ensuring the measured x,
accurately reflects the stable post-forming shape and improves the
fidelity of data-driven model identification. In the data collection stage,
each experiment consists of N = 6 forming cycles.

Fig. 2(a) shows the metrology setup, where Vicon optical trackers
are affixed to the sheet at eight designated locations labeled 1-8. The
trackers at location 2 correspond to the reference y-position of the
sheet, representing the initial contact point between the upper and
lower wheels (highlighted as a red circle in Fig. 2(a) and (c)). These
trackers are positioned 10.16 cm from the sheet edge. Three additional
Vicon markers are mounted on the gripper and UR robot to monitor
tool motion. Based on these markers, three coordinate systems are
defined: (1) a world coordinate system, where x and y lie in-plane
along the wheel rolling and transverse directions, respectively, and
z denotes the out-of-plane axis; (2) a coupon coordinate system,
defined using trackers at location 1 and those on the gripper and UR
robot, to establish the reference plane for deformation measurement;
and (3) a robot arm coordinate system, defined solely by the trackers
on the gripper and UR robot. Within the coupon coordinate system, the
x",y", and 2z positions of the sheet’s Vicon trackers are extracted after
each forming cycle. As deformation along the x”’-direction is negligible,
the tracker data at both sheet edges are averaged to obtain the midline
deformation profile in the y”-z" plane.

Viewing the process as a dynamical system, the state and input is
defined as follows. The system state vector, denoted as x, € R"x¥!,
represents the measured sheet deformation after the kth forming cycle
relative to the initial flat configuration,

X =[61,....6, 1, m

where §; denotes the out-of-plane displacement of the ith Vicon tracker
along the midline of the sheet. In this work, n, = 8, corresponding
to eight spatial measurement points distributed along the midline in
the y—z plane. The control input, denoted as u, € R"*!, defines the
commanded gripper trajectory for the kth forming cycle, parameterized
as a discrete sequence of y- and z-displacements:

u, = [ul,...,unu]T, 2)

where n, = 20 corresponds to the number of sampled points along the
toolpath.

An examination of process repeatability indicates that the maximum
replication error at the free end of the coupon is within +1.5 mm. The
details of experiment sampling, modeling, and control design will be
elaborated in Sections 4 and 5.
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Fig. 3. Illustration of Koopman operator theory. It shows that the evolution in
the state space using nonlinear model f is equivalent to the evolution of the
observables in the lifted space using linear observable K. g is a continuous,
differentiable, and reversible function (diffeomorphism) that maps states to
observables.

3. Technical background

This section introduces the theoretical foundations underpinning
this work, including the Koopman operator theory, POD, and MPC.
To ensure consistency with standard conventions in the literature, the
notations used in this section follow commonly adopted formulations
and are independent of those used in the rest of the paper.

3.1. Koopman operator

The Koopman operator theory proves the idea of representing a
nonlinear dynamical system as a linear system by lifting the system
states into an infinite-dimensional space of observable functions [31].
Instead of directly modeling the nonlinear state evolution:

3

X1 = F(Xp),

the Koopman operator K acts linearly on the observables functions g(x),
such that

Ke(xy) = g(f (X)) = 8(Xgy1)- (€3]

This can be illustrated in Fig. 3 that shows the relationship between
K, f, and g. This formulation enables the use of linear analysis and
control tools, such as eigenvalue decomposition, modal analysis, and
linear MPC, to study and manipulate nonlinear systems, provided that
an appropriate set of observables can be identified.

When control inputs are present, the system dynamics are extended
to include the influence of control actions, written as

)

where u, denotes the control input. The Koopman operator with control
(often denoted as K,) generalizes the operator framework to capture
the effect of u, on the evolution of observables. A common formulation
assumes separable dynamics between the state and control, leading to
an affine linear representation in the lifted space [24]:

X1 = f(X ),

©

where z; g(x;) is called the observables or the lifted state, and
A,B are finite-dimensional approximations of the Koopman operator
and its control counterpart. This linear structure allows one to design
and analyze linear controllers in the lifted space while maintaining
interpretability with respect to the underlying nonlinear system.

The Koopman operator with control has attracted growing interest
in data-driven modeling and control due to its ability to blend nonlinear
system identification with linear control theory. Techniques such as eD-
MDc [32] and deep-learning-based Koopman architectures [33] aim to
identify A and B from data, offering a model that is both expressive and
computationally efficient. When a control system can be represented as
a linear state-space system, its corresponding MPC objective function
can be formulated as a convex optimization problem. This problem can

7,1 = Az, +Bu,
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be solved using either the linear quadratic regulator (LQR) or quadratic
programming (QP) method [34], depending on whether the problem is
unconstrained or constrained. Both methods offer fast solution speeds
and guarantee global optimality. This approach is particularly benefi-
cial for real-time decision-making in DT, especially when dealing with
nonlinear and complex problems where the MPC objective function is
non-convex. In such cases, numerical solvers can be computationally
expensive and prone to getting stuck in local optimums.

3.2. Proper orthogonal decomposition

When identifying and modeling dynamical systems, the selection
of system states plays a pivotal role in achieving effective dimen-
sionality reduction and minimizing the need for extensive training
data. In systems that exhibit pronounced spatial patterns, such as fluid
flows [35], employing decomposition techniques enables the extraction
of dominant spatial features. This approach allows the reduced-order
model to capture and learn the temporal evolution of the system’s
most critical spatial characteristics, thereby enhancing both modeling
efficiency and physical interpretability.

Proper Orthogonal Decomposition (POD), also known as princi-
pal Component Analysis (PCA) in statistics or the Karhunen-Loéve
expansion in stochastic processes [36], is a mature technique for ex-
tracting dominant modes from high-dimensional data. POD provides
a low-dimensional representation of complex systems by identifying
orthogonal basis functions that capture the most energetic or correlated
structures in the data. It has become a cornerstone method in reduced-
order modeling, flow analysis, and data-driven model identification for
dynamical systems. Formally, PCA seeks to minimize the reconstruction
error

m

mn 2

=1

)

Xp —

2
B
i 2

r
(k)
a,' ¢i
=1

subject to orthonormality constraints ¢l.T¢j = §;;, where §; is a
Kronecker delta.

Consider a system state vector x € R" with m samples, forming a
data matrix

X = [X],Xp, ..., X, ] € R, 8)

where each column represents a snapshot of the system state. The goal
of PCA is to find an optimal set of orthonormal basis vectors {¢;}/_,
known as the principal modes, that best approximate the snapshot data
in the least-squares sense. This can be obtained by performing the
Singular Value Decomposition (SVD) of the snapshot matrix:

X=UxzV', 9)

where U = [¢, ¢,, ... ] are the principal modes, X contains the singular
values, and V gives the PCA coefficients. The principal modes form
an orthogonal basis ordered by their energy content (represented by
its corresponding eigenvalue). By truncating the decomposition after
r dominant modes (where r < n), one obtains a low-dimensional
approximation:
r
X~ Y ah(x), (10)
i=1
which represents the states using a superposition of the essential dy-
namics ¢; of the original system, weighted by PCA coefficients a;, while
reducing the input dimensions. Moreover, with the principal modes
obtained, one can also infer the states by reconstructing the state vector
given arbitrary PCA coefficients.
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3.3. Chebyshev polynomials decomposition

A key limitation of PCA is that the reconstructed state vectors may
lack smoothness, as only a subset of the principal modes is retained, and
the modes themselves are not necessarily smooth. In applications where
the reconstructed trajectories, such as the toolpaths of robotic arms,
must exhibit smooth and continuous motion, additional post-processing
of the PCA-reconstructed vectors is often required to ensure compliance
with manufacturing or operational constraints.

To address this limitation, one effective approach for functional
decomposition of one-dimensional vector fields is the Chebyshev poly-
nomial decomposition [37]. Chebyshev polynomials form a family
of predefined orthogonal basis functions derived from trigonometric
identities of cosine and sine. The smoothness and completeness of the
basis ensure that the reconstructed vector field is inherently smooth and
differentiable, which makes it well suited to applications that require
trajectory continuity or smooth gradient information.

The Chebyshev polynomials of the first kind, denoted as T, (x), are
defined over the bounded domain x € [—1, 1] by the recurrence relation:

(1)

An equivalent trigonometric form is given by T,(x) = cos(narccos x),
which reveals their oscillatory nature and direct connection to Fourier-
type representations. The Chebyshev polynomials are orthogonal with
respect to the weight function w(x) = (1 — x2)~1/2:

T =1 T =x Tppy()=2xT,x) =T, (x). n>1.

| 0, m#n,
/ T, (0T, (x)w(x)dx =3 x, n=m=0, (12)
! /2, n=m#0.

This orthogonality minimizes redundancy among basis functions
and leads to numerically stable decompositions with minimal inter-
polation error. Owing to these properties, Chebyshev polynomials are
widely employed in approximating nonlinear functions and dynamical
systems within bounded domains.

In this work, the Chebyshev polynomials of the first kind [37] are
employed, with the first few expressed as:

Ty(x) =1, (13a)
T\ (x) = x, (13b)
T,(x)=2x* -1, (13c)
Ty(x) = 4x> - 3x, (13d)
Ty(x) = 8x* — 8x% + 1, (13e)
Ts(x) = 16x7 = 20x° + 5x. (13f)

Similar to PCA, a low-dimensional approximation can be achieved
by truncating the Chebyshev series after / terms, leading to:

1

X~ Z ¢; T;(x),

i=0

(14

where ¢; are the Chebyshev coefficients determined via orthogonal
projection. Compared with PCA, however, the Chebyshev polynomial
basis provides stronger guarantees of smoothness, better numerical con-
ditioning, and superior approximation properties for one-dimensional
smooth functions, thereby rendering it appropriate for smooth trajec-
tory generation and reduced-order modeling of physical systems.

3.4. Model predictive control (MPC)

MPC is an advanced optimization-based control framework that uti-
lizes a predictive model of the system to determine an optimal sequence
of control actions over a finite time horizon [34]. At each control step,
MPC minimizes a performance cost that penalizes deviations from de-
sired states and excessive control effort, subject to system dynamics and

766

Journal of Manufacturing Systems 86 (2026) 762-773

1.0
0.5 — Tolx)
T1(x)
=< — Tax)

< 2

= 00 — T3
—— Ta(x)
—0.5 1 — Ts(x)

_10_

-1.0 -0.5 0.0 0.5 1.0
X
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operational constraints. Typically, only the first control input from the
optimized sequence is implemented, and the optimization is resolved
at the next time step with updated state measurements, which is a
procedure commonly referred to as the receding horizon strategy.

Given the current state x, and a prediction horizon p, the standard
MPC problem can be formulated as follow to solve for optimal control
sequence u:

p-1
ety 7030 = 3 [l + ] (152)
st Xiyior = S e Wey)s Vi € Nyg ) (15b)

Xipi € X, Vi€ Nygpqp (15¢)

uw,, €U, VieNy, ), (15d)

where ||x||é = x'Qx represents quadratic penalty terms on the

state and control vectors, respectively, with symmetric positive-definite
weighting matrices Q > 0 and R > 0. The function f(-) denotes the
predictive model describing the system dynamics, while X and U define
the admissible sets of states and control.

4. Surrogate modeling via deep Koopman operator

Due to the complex dynamics of the sheet metal forming process,
it is impossible to iteratively simulate the process using physics-based
FEA for real-time decision-making. Therefore, a surrogate model that
can mimic the forming process is essential for online prediction and op-
timization through discrete event simulations (DES) for DTs. However,
building a surrogate model for this process is extremely challenging
as the evolution of the sheet deformation yields spatial and tempo-
ral behaviors, while collecting training data is also challenging due
to experimental costs. In this section, we elaborate how we address
these hurdles through the design of experiment (DOE), dimensional
reduction, and to train a deep Koopman operator.

4.1. Design of experiments and data collection

To generate smooth and executable toolpaths for the UR robot,
the toolpath generator is formulated using a modified Fourier-inspired
series with four design parameters that ensure trajectory continuity
and manufacturability [5], which resembles the multi-harmonic per-
turbation signal in system identification. The toolpath, describing the
z location along the y axis, is defined as:

z(y) = AsinQRrfy+¢)+ Ty (16)

where A € [10,30], f € (0,1), and ¢ € [0,2x] denote the base
amplitude, frequency, and phase, and the parameters T € [-1,1]
account for the linear trend. The range of these parameters are selected
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to ensure the generated toolpath follows a single mode curve without
oscillation.

This compact representation can flexibly synthesize
one-dimensional  periodic-based = forming  trajectories  using
low-dimensional parameterization, generating a variety of smooth and
continuous toolpath that mimics the commonly seen, human-operated
toolpath on the English wheel. A total of 20 base toolpaths were
first generated within predefined parameter bounds—16 exhibiting
negative curvature (downward, convex profiles) and four with positive
curvature (upward, concave profiles). These base toolpaths were then
systematically combined in sets of six using Latin Hypercube Sampling
(LHS) to produce 80 composite toolpath sequences, each corresponding
to a distinct forming plan. This LHS-based combinatorial strategy
increases data diversity and ensures a broad coverage of the four-
dimensional design space while maintaining trajectory smoothness and
manufacturing feasibility.

To unify the representation of each fabrication process for a part, at
the data collection stage, N cycles are assigned to form a sequence of
toolpaths. Therefore, the trajectory of the deformation field X and the
input toolpaths U along the cycles for part j is denoted as:

[
Jj — |/ Jj
X/ = X, X

[ | [

j j
XN Uy _1

| |

nyX(N+1) n, XN

a7

where j € [1,n], n is the total number of experiments.
4.2. Dimension reduction

The surrogate model in this framework is responsible for the pre-
diction and design of the toolpath at each cycle to progressively realize
a predefined target trajectory within a finite number of iterations via
MPC. Hence, the model is constructed to predict the resulting sheet
deformation after one complete cycle based on the current deformation
state and the corresponding input toolpath, which is formulated as a
state-space model as Eq. (5). Since f is unknown, the purpose in this
section is to introduce POD-based deep Koopman operator to identify
a linear representation for the nonlinear f, allowing solving MPC in
real-time using convex optimizations.

To begin with, the deformation data for each part fabrication, de-
noted as X/, are organized into two matrices that represent consecutive
snapshots of the system:

18)

However, directly using X, X,,, and U, for system identification
presents two major challenges. First, the identified model f would have
high-dimensional inputs and outputs f : (n, +n,) ~ n,, which substan-
tially increases the data requirements for accurate identification in a
data-driven framework. Second, during the MPC stage, the optimized
discretized toolpath generated from such a model may not be physically
reasonable or directly executable. This necessitates the inclusion of ad-
ditional constraints, such as smoothness penalties within each toolpath,
to ensure feasibility. Nevertheless, maintaining convexity in the MPC
formulation limits the expressiveness of these constraints, and linear
penalties alone may be insufficient to enforce the desired smoothness
of the optimized toolpaths.

To address these challenges, POD is employed to project the raw
state and toolpath data into a reduced-order space. By extracting the
principal modes that characterize the dominant spatial features of the
system, POD enables a compact representation of both the deforma-
tion field and the toolpath. This transformation not only reduces the
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dimensionality of the data but also captures the intrinsic spatial cor-
relations between deformation and toolpath, thereby facilitating their
representation and design within the same reduced-order feature space.

In this work, PCA is employed to decompose the deformation field
into a linear combination of principal modes, with each mode weighted
by its corresponding PCA coefficient. In contrast, the toolpath is repre-
sented using a linear combination of predefined Chebyshev polynomials
through Chebyshev polynomial decomposition. With that, the dynamic
model to be identified becomes a mapping between how the principal
modes of the deformation evolve given some spatial feature of the
toolpath. The motivation for using different decomposition methods lies
in the distinct characteristics of the two domains. PCA’s variance-based
decomposition is advantageous for system identification, as it isolates
the most energetically significant modes of variation and preserves the
dominant dynamics governing the system’s behavior. Conversely, since
toolpaths inherently follow smooth polynomial trajectories, decompo-
sition via Chebyshev polynomials ensures that the reconstructed paths
remain smooth and continuous, thereby producing toolpath designs
that satisfy manufacturability and operational constraints.

Following Eq. (10), applying PCA to each deformation field x gives:

x/ ~ d%/ 19

where X, € R’ is a vector of unique PCA coefficients, and &
[¢,(x), ..., ¢,(x)] is a truncated set of principal modes shared across all
the deformation fields. Therefore, by representing x using X, we can
also denote X/ = [ié, iﬁv]

The validation of the PCA-based dimensionality reduction for defor-
mation analysis is presented in Fig. 5. In this study, the first four princi-
pal modes (Fig. 5(b)) are retained to reconstruct the sheet deformation.
As shown in Fig. 5(a), these four modes collectively capture over
99.5% of the total variance, indicating that they effectively preserve the
dominant deformation characteristics. The reconstructed deformation,
illustrated in Figs. 5(c) and (d), matches the true deformation, with
reconstruction errors predominantly within +0.5 mm.

Similarly, applying Chebyshev polynomial decomposition convert
each toolpath w/ into a lower dimensional representation i/ following
Eq. (14):

v ~ T (20)

where % € RP is a unique vector of the coefficients of the shared
set of polynomials T = [T} (x), T5(X), ..., T.(x)]. Thus, the concatenated
matrices using u are ﬁi = [ﬁé, ,ﬁjv_l].

Here, p = 5 basis functions (Tj, to T} in Fig. 4) are used to represent
the toolpaths. As illustrated in Fig. 6(a), the reconstructed toolpath
closely matches the measured (real) toolpath. The corresponding error
distribution, shown in Fig. 6(b), indicates that most reconstruction
errors lie within +0.25 mm, demonstrating the accuracy and effective-
ness of the Chebyshev polynomial decomposition. Overall, we reduced
the order of the system from (8 + 20) — 8 to (4 + 5) — 4 without
compromising reconstruction accuracy.

4.3. POD-based deep Koopman operator

With the reduced-order data, the objective of system identification
is to learn the underlying dynamics represented as:

Kpp1 = F K ). 21

In this work, we adopt the deep Koopman operator framework [33],
where a DNN learns the nonlinear lifting functions directly from data
without prior specification. This approach enables the representation of
highly nonlinear dynamics and allows dataset augmentation through
temporal dependencies, thereby enhancing model generality and ro-
bustness.

The DNN architecture of the proposed POD-based deep Koopman
operator with control for the sheet metal process is illustrated in
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Fig. 7. It comprises three main components: an encoder, a linear
evolution module, and a decoder. The fundamental goal of this setup
is to address the question: How can we identify a finite-dimensional set of
observable functions that best approximates the system’s nonlinear evolution
in the linear lifted space? The encoder maps the reduced-order states
into a higher-dimensional lifted space z = w(X) € R, serving as the
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learned observable functions. The linear matrices A and B then operate
as the Koopman operator K, governing the linear evolution of these
observables. Finally, the decoder projects the lifted representation z
back to the original reduced-order state space X, ensuring a consistent
reconstruction of the system dynamics. The hyperparameters of the
DNN are listed in Table 1.

It is important to note that the reduced-order inputs are not mapped
into the lifted space through nonlinear observables. This design choice
is intentional: by maintaining the system states in a linear subspace, we
preserve their interpretability and compatibility with subsequent MPC
implementation. Lifting these inputs through nonlinear observables
would compromise the linear structure required for efficient control
synthesis, thereby limiting the applicability of linear MPC formulations.

Several training strategies are employed to improve data efficiency
and model generality when identifying the Koopman operator under
sparse data conditions. First, residual (skip) connections are incorpo-
rated into both the encoder and decoder to enhance training stability
and increase the network’s nonlinear representational capacity, as sug-
gested by [38]. Second, the reduced-order states are concatenated
with the learned observables, enabling the Koopman framework to
more effectively connect the linear dynamics in the lifted space with
the underlying physical state [23]. Finally, dropout regularization is
applied exclusively to the encoder and decoder to mitigate overfitting,
while it is deliberately excluded from the linear matrices A and B,
which must remain deterministic during training to ensure consistent
system identification.

Leveraging X, and U, as training input and X, as output, our
loss function for training the deep Koopman operator has five weighted
mean-squared error component: reconstruction loss L ..., on the en-
coder and decoder, one-step-ahead prediction loss £,., multi-step-
ahead loss L,,,;; that penalizes prediction error with system rollout,
stability loss L1 penalizes cases where the eigenvalue of A is greater
than 1 to force the identified system stable, and forward linearity loss
Ly;, that measures linearity consistency. Finally, an /, regularization on
the weights W is added to avoid overfitting. More specifically:

L =aLiecon + 0 Lone + X3 Ly

+ay Lgaple + @5 Liin + AIWII3, (22a)
£rec0n = ”ik - l//_](lll(ii/c))”MSE’ (22b)
Lone = %y — ¢ (Azy + By |lvisg. (22¢)
| &
Lot = 5= 2, s =0 R(w o). Bou-1 Dllvise. (22d)
P m=0
dZ
Lyapie = 2, ReLU(|4,(A)| - 1), (22€)
i=1
| &
Lin =5 2 W) = R(W &), B ) st (22)
P m=0

where R (w (%), . ,,_;) is the recursive flow rollout given initial geom-
etry %, with multi-step control inputs, computed by A and B, and S, is
the rollout length for the multi-step-ahead loss. The weights are tuned
via heuristic, where a; = 1000, , = 20,3 = 10, a, = 1000, and a5 = 5.
The deep Koopman operator is built with Pytorch and optimized with
Adam with early stopping. The loss curve of the training process is in
Fig. 8(a).

Integrating proper orthogonal decomposition (POD) with the Koop-
man operator offers several advantages for modeling the English wheel
sheet-forming process. By reducing the dimensionality of the system
representation, the approach alleviates the need for large training
datasets and mitigates the risk of overfitting. Moreover, rather than
relying on a learned encoder to infer spatial correlations in geome-
tries and toolpaths, the POD basis explicitly captures the underly-
ing spatial structure in a physically meaningful manner. The use of
Chebyshev-based reconstruction further ensures smoothness of the op-
timized toolpaths, thereby preserving manufacturability. Overall, the
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Table 1
Hyperparameters for network setup.

hidden_dim_enc hidden_dim_dec Batch size Epochs

Lifted dim d,

Dropout Scheduler A Steps ahead S,

[48,48] [48,48] 256 200

256 + 4

0.005 *0.9 per 20 steps 0.01 4

proposed POD-based deep Koopman framework effectively bridges non-
linear feature extraction with linear dynamical representations, en-
abling interpretable and computationally efficient system identification
for sheet-forming applications.

4.4. Model validation

A total of 80 parts, each subjected to six forming cycles, were
fabricated for model development. Among them, 75 experiments were
used for training, while five were reserved for validation and testing.
The model validation results are summarized in Fig. 8. Figs. 8(b) and
(c) compare the true deformations from two representative validation
experiments with the one-step-ahead predictions obtained from the
learned Koopman operator. The predicted deformation trends and mag-
nitudes show strong agreement with the measured data, confirming the
model’s capability to capture the dominant dynamics of the forming
process.

To evaluate model robustness, the training procedure was repeated
15 times with randomly shuffled datasets, each time leaving out a
different subset for validation. Fig. 8(d) presents the prediction error
at each Vicon tracker location, aggregated across all replicates and
validation experiments. The majority of prediction errors remain within
+5 mm near the sheet tip, demonstrating the predictive accuracy of the
learned Koopman operator. Fig. 8(e) further summarizes the distribu-
tion of the mean absolute error (MAE) across all Vicon tracker locations
using the validation sets, indicating that the learned operator maintains
consistent performance regardless of data partitioning. These results
collectively validate the accuracy and the stability of the proposed
Koopman-based modeling framework.

5. Model predictive control via Koopman operator

The MPC framework aims to design optimal toolpaths for the next
N = 6 forming cycles to achieve the target geometry r with mini-
mal iterations. Unlike conventional feedback controllers (e.g., LQR),
MPC incorporates multi-input multi-output (MIMO) system dynamics to

proactively prevent overshoot and iterative correction while enforcing
constraints on both control inputs and predicted outputs for physically
feasible solutions. After each forming cycle, the measured deformation
is used to update the system state and reinitialize the optimization
for the subsequent cycles, ensuring continual process optimality. To
address material property variations over repeated cycles, an online
model updating module is integrated into the MPC, allowing real-time
refinement of the predictive model and improving control accuracy and
adaptability.

5.1. Model predictive control formulation and setup

With the deep Koopman operator, the evolution of the deformation
field under a given toolpath can now be represented using a linear
state-space model. As the system dynamics is contracted in a linear
representation, the MPC can be formulated as a convex optimization
problem, allowing it to be solved using qp, which guarantees a global
optimum and fast solving.

The MPC for the sheet forming problem is formulated as:

N-1
min Z [(zk - z,)TQ(zk -z,)+ ukRuk]
k=0
+(zp—12,) Qn(zp—1z,), (23a)
wrt. Z=lz,...,zy], U= [lig, ... 0y_;], (23b)
st. hy iz =Az, +Bu, ke[0,N-1], (230)
g Uy, <y <@, ke€[0,N-1], (23d)
hy e, =0, ke[0,N-1], (23e)
& o <0, ke[0,N-1], (23
hy @z = wXy), (23g)

where z;, denotes the lifted state in the Koopman space, z, = w(r)
is the target geometry mapped to the lifted space, and i, represents
the toolpath parameterized by Chebyshev coefficients. The weighting
matrices Q = diag([l,...,1,20,10,10,1], ) and Q5 = 0.1Q penalize
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the accumulated and terminal deviations from the target geometry,
respectively, while R = 1071, regularizes the control effort to pro-
mote smooth actuation. The last four entries of diag(Q) correspond
to the reduced-order states X, that are concatenated with the lifted
observables but not transformed by the nonlinear mapping. Assigning
higher weights to these components prioritizes accurate tracking of the
physically significant deformation features during optimization. The
prediction horizon is set to N = 6, corresponding to six future forming
cycles considered in each optimization. The MPC procedure terminates
either after six forming cycles or when the maximum deviation between
the target and current geometries falls below 1.5 mm.

The formulation above establishes a convex optimization prob-
lem that can be efficiently solved as a quadratic program (QP) using
osqp [39]. The linear equality constraint h, enforces the Koopman
dynamics in the lifted space, ensuring consistency between the pre-
dicted and propagated states, while the inequality constraint g; limits
the amplitude of the control input to prevent physically infeasible tool-
paths. The boundary constraints 4, and g, incorporate the properties
of the Chebyshev representation into the optimization, guaranteeing
geometric smoothness and ensuring that the designed toolpaths begin
and end at physically consistent positions. Specifically, constraint &,
enforces the toolpath to start at z = 0, where ¢, is an alternating-
sign vector defined as ¢;; = (-1)"*!, and constraint g, ensures that the
toolpath displacement at y = 120 is smaller than that at z = 0, where
¢, = 17. Both constraints are derived from the properties of Chebyshev
polynomials (see Equation 11), where the polynomial values are +1 at
x=-1and equal to 1 at x = 1.

The resulting sparse QP is implemented using the OSQP solver,
which exploits the problem’s convexity and sparsity to achieve real-
time computational performance. the average solving time for Eq.
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(23), which includes 1590 design variables, is 0.8067 s using an AMD
3975WX 32-Cores CPU. In each cycle step, only the first toolpath is
applied to the forming system following the receding-horizon principle.
After each forming cycle, the measured deformation is used to update
the current state z,, and the optimization is repeated to generate new
toolpaths for the subsequent cycles.

5.2. Online model updating

A limitation of the Koopman representation trained on a small
dataset is its restricted expressiveness in capturing global system dy-
namics. In particular, strain-hardening effects are difficult to model
because they depend on the material’s deformation history once the
metal enters the plastic regime. As a result, the identified Koopman
operator represents an average system response across varying material
conditions without explicit dependence on material state. Given the
limited training data, material state was not included as an additional
input. Thus, an online model updating mechanism was implemented to
adapt the toolpath in real time and mitigate model mismatch.

We implement the RLS algorithm [40] to update only the control
matrix B of the Koopman operator: z,,; = Az, + Bii,. Given the mea-
sured post-cycle geometry x; ,, the corresponding lifted state z; , is
obtained through the composite mapping w/(X;). By fixing A, the update
of B becomes a multi-output linear regression problem formulated as:

e, =2, — Az, =B + ¢, 24

where e, represents the residual and ¢, is the prediction error. Then,
by assuming that the inaccurate B is the only source that contributes
to g;, the RLS minimizes the exponentially weighted least-squares cost,
which leads to the conditional recursive update equations:

_ Pu,
K, = ——~—, (25)
A+ Py,
s =T

1 Puu, Py
P=-(P-—2—). (26)

kel /1( LA Py
B < B+ (¢, — Buy K], (27)

where P, = diag(0.001 x 1,) denotes the covariance matrix, K, is the
adaptive Kalman gain and 4 = 0.9 is the adaptive ratio.

In our control law, B is updated only when one of two conditions is
met: (1) the maximum deviation between the measured and predicted
geometries is greater than 3 mm; or (2) the sheet becomes stagnant,
defined as a maximum deformation of less than 3mm between two
consecutive cycles. This online RLS adaptation refines B in real time to
compensate for material or actuation drift, while keeping the identified
state dynamics A fixed. This prevents overfitting the Koopman oper-
ator to limited feedback data, which could otherwise compromise its
global predictive accuracy. The resulting framework completes the DT
integration for the forming process, enabling synchronized physical—
digital states, informed decision-making, and continuous online model
updating.

5.3. Experimental validation

Two experimental cases were conducted to validate the proposed
method using target geometries with large and moderate deformations.
The experiments also assess the effectiveness of the online update of the
input matrix B.

Results for the large-deformation case are in Figs. 9 and 10, which
compare experiments with and without model updating as a benchmark
study. As shown in Fig. 9(a), the sheet deformation progressively
approaches the target geometry across cycles, while the applied tool-
paths remain smooth owing to the Chebyshev-based parameterization.
Without model updating (Fig. 10(c)), the model tends to overpredict
the effect of each toolpath, leading to underbending and stagnation
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of initial geometry, true deformation, and predicted deformation at each cycle.

of deformation from Cycle 3 onward. As a result, the maximum dif-
ference between the final shape and the target is 12.64 mm at Vicon
tracker location 8. This behavior arises because the nominal Koopman
model overestimates toolpath effectiveness and cannot account for
the evolving ductility of the material. When the online update of B
is activated, the model adaptively corrects the toolpath gain based
on prediction errors, generating steeper toolpaths in subsequent MPC
optimizations and enabling sufficient bending to drive the sheet into
the plastic deformation regime. This improves the maximum difference
to 2.79 mm at tracker location 7. Similar trend can also be observed
from the moderate-deformation case study, as shown in Fig. 11, where
the maximum differences are 1.09 mm (reached terminating criteria
after only five cycles) and 7.34 mm for cases with and without model
updating, respectively.

Fig. 12 illustrates the change in B during one of the online updates,
providing insight into the model adaptation mechanism. The most no-
table correction occurs in the gain associated with (1), corresponding
to the coefficient of the first-order Chebyshev polynomial T}, which ex-
hibits the largest magnitude adjustment among all control coefficients.
Furthermore, the influence of @(1) on X(0), i.e. the coefficient of the
dominant principal mode ¢, concatenated as an augmented state in
the lifted space, is significantly reduced. This modification alters the
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control gains, indicating that the actual control input is less effective
than initially identified, thereby prompting the MPC to increase the
control effort to achieve the target geometry using the updated model.
These observations not only verify the effectiveness of the online
model updating scheme, but also demonstrate the interpretability of
the Koopman operator as a physic-based, explainable surrogate model.

The current model is limited in accurately representing all material
states, as it serves as an aggregate approximation spanning material
behaviors from the elastic to plastic regimes. The model may also
be overfitted to the training and validation data, leading to reduced
generalization and poorer performance on unseen conditions. One con-
tributing factor is the potential sparsity of training data across the joint
state-input space, which may be insufficient for the Koopman operator
to fully capture material state-dependent variations, as noted in [33].
This limitation can be addressed through active learning strategies
aimed at maximizing information gain [25] via analyzing the Fisher
information matrix on the Koopman operator, alongside continuous
model updating using streaming data. Importantly, even when the
Koopman operator with online updates does not achieve global accu-
racy, it remains highly effective in guiding control laws and directing
the system toward desired outcomes [28,41]. This observation under-
scores the adaptability and practicality of the DT-based approach in
decision-making.
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6. Closure

In this work, we present an adaptive DT framework that integrates
an adaptive POD-based deep Koopman operator for identifying the
spatio-temporal dynamics of sheet deformation under toolpath actu-
ation, followed by MPC for decision-making. Experimental validation
on a robotic English Wheel system demonstrated that the proposed
framework achieves modeling of the spatial-temporal deformation evo-
lution, and real-time designing under dynamically evolving process and
material conditions. Compared with having a static models, the adap-
tive DT provides enhanced flexibility, while remaining interpretability
and generalization. These results demonstrate a practical application
of real-time DT for manufacturing systems. This research advances the
scope of DT in modeling, controlling, and self-updating for manufactur-
ing systems characterized by coupled spatial and temporal dynamics,
where both inputs and outputs are vector fields, bring a new avenue
for next-generation manufacturing. The proposed pipeline provides
a generalizable foundation for not only for digitalizing deformation-
based manufacturing processes, but can be readily extended to other
manufacturing processes, including incremental forming, forging, or
additive manufacturing, that yields spatial-temporal dynamics and
requires real-time optimization in actionable time.

Future work will expand the framework to accommodate more
complex geometries, including full 3D sheet forming, and on devel-
oping efficient multi-modal data acquisition strategies. In particular,
we aim to integrate knowledge extracted from literature and human
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demonstrations with simulation and experimental data to enhance
model refinement and enable more intelligent, autonomous DT systems.
These efforts will advance DT development by enabling knowledge
preservation, reuse, and intelligent decision-making in manufacturing.
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